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Abstract
We obtain the tomogram of squeezed correlated states of a quantum parametric
damped oscillator in an explicit form. We study the damping within the frame-
work of the Caldirola–Kanai model and chose the parametric excitation in the
form of a very short pulse simulated by a δ-kick of frequency; the squeezing phe-
nomenon is reviewed for both models. The cases of strong and weak damping are
investigated.
Keywords: parametric oscillator, Caldirola–Kanai model, probability representation
of quantum mechanic, tomograms, squeezing coefficient.
1 Introduction
In quantum mechanics, the quantum system state is described by the wave function
(pure state) [1] or the density matrix (mixed state) [2, 3]; see references in [4]. In
the probability representation of quantum mechanics [5, 6, 7], the quantum states are
associated with tomograms. The quantum tomogram is the probability distribution
function of the position X measured in an ensemble of reference frames. Due to this
circumstances, the quantum tomogram depends on additional parameters µ and ν de-
termining the reference frame in the classical phase space.
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The density matrix and wave function of the quantum state can be reconstructed
from the tomogram. The symplectic tomography method was discussed for measuring
quantum states in [5]. The method uses the Fourier transform of the marginal distribu-
tion for a measurable squeezed and rotated quadrature (symplectic tomogram) instead
of the Radon transform [8], which is used in optical tomography to reconstruct the
Wigner function [9] from the optical tomogram [10, 11].
The tomograms determine completely the quantum state and measuring this dis-
tribution implies reconstructing the quantum state. In [12], the scheme of optical
tomography was used for reconstruction of the Wigner function of the electromagnetic
field state. Experiments with reproducible measurements of squeezed vacuum state of
light generated by an optical parametric oscillator were performed in [13].
The problem of the time-dependent harmonic oscillator is interesting due to various
applications of this model in different areas of physics. For example, it describes the
motion of a single particle in a Paul trap [14, 15]. In [16, 17], it was shown that the
solutions for systems with quadratic Hamiltonians are expressed in terms of the classical
trajectory of the system. In [18], the correlated squeezed states of a quantum oscillator
with δ-kicked frequencies were found, and the possibility of obtaining the squeezing
phenomenon due to the parametric excitation in the form of δ-kicks of frequency was
shown.
In [19], it was shown that any nonadiabatic change in the frequency of a harmonic
oscillator leads to squeezing. The appearance of squeezing phenomenon due to different
types of a sudden change in frequency was considered in [20, 21, 22]. Repeated jumps
between two frequencies were shown to generate fast increasing squeezing if the time
intervals between the jumps were chosen to have special values [23]. The squeezing
properties of a harmonic oscillator with a series of sudden changes between two fre-
quencies were calculated in [24], where infinite, quasiperiodic, and irregular behaviors
of the squeezing were investigated.
In this paper, we consider the damping within the framework of the Caldirola–Kanai
model [25, 26]. This model is a partial case of the multidimensional system described
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by nonstationary Hamiltonian, which is a general quadratic form in the position and
momentum operators considered in [16, 17]. The Gaussian wave packets in the case of
weak damping were investigated in [27, 28]. In [29], the propagator, wave function, and
uncertainty relation for a time-dependent damped harmonic oscillator were evaluated,
and the classical solution of the quantum systems was analyzed. In [30], the time
dependent quantum harmonic oscillator subject to a sudden change in its mass was
considered. Squeezing and resonance in a generalized Caldirola–Kanai-type quantum
parametric oscillator was investigated in [31]. In [32], it was shown that the ground
state of well-known pseudo-stationary states for the Caldirola–Kanai Hamiltonian is a
generalized minimum uncertainty state, and their dependences on the damping factor
and frequency were found. In [33], it was shown that a generalization of the Caldirola–
Kanai Hamiltonian, which describes dissipative systems, can be fulfilled by replacing
the standard exponential function with the q-exponential one. The different problems
of quantum oscillator with a time-dependent frequency were solved in [34–38].
The aim of this work is to consider the parametric excitation of a quantum damped
oscillator in the probability representation of quantum mechanics and obtain an explicit
form of the tomographic probability distribution of quadrature in squeezed correlated
states of a quantum damped parametric oscillator, as well as to review the influence of
damping on the squeezing phenomenon for the kicked oscillator.
This paper is organized as follows.
In Sec. 2, we review the symplectic tomography scheme on the example of a quantum
parametric damped oscillator and obtain symplectic and optical tomograms of squeezed
correlated states. In Sec. 3, following [39] we review the appearance of squeezing phe-
nomenon due to the parametric excitation, which is chosen in the form of very short
pulse simulated by a δ-kick of frequency. We consider the cases of weak and strong
damping and the case of a free particle. The parametric excitation under consideration
is interesting due to the possibility of finding the classical trajectory in an explicit form.
In Sec. 4, we conclude by listing the main results obtained in this study.
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2 Tomography of a Quantum Damped Parametric
Oscillator
It was shown [5, 6] that for the generic linear combination of quadratures, which is a
measurable observable (we use dimensionless variables and put h¯ = 1),
X̂ = µqˆ + νpˆ , (1)
where qˆ and pˆ are operators of the position and momentum, respectively. The tomogram
w(X, µ, ν) (normalized with respect to the variable X), being dependent on the two
extra real parameters µ and ν, is related to the state of the quantum system expressed
in terms of the density operator ρˆ as follows:
w(X, µ, ν) = Tr
[
ρˆδ(X 1ˆ− µqˆ − νpˆ)
]
. (2)
The physical meaning of the parameters µ and ν is that they describe an ensemble of
rotated and scaled reference frames, in which the position X is measured. For µ = cosϕ
and ν = sinϕ, the tomogram (2) is the distribution of homodyne output variable used
in optical tomography [10, 11]. Formula (2) can be inverted, and the density operator
of the state can be expressed in terms of the tomogram [40],
ρˆ =
1
2π
∫
w(X, µ, ν)ei(X−µqˆ−νpˆ) dX dµ dν. (3)
First, we discuss the tomogram for squeezed and correlated state of a damped para-
metric oscillator; it has the Gaussian form,
wα(X, µ, ν, t) =
1√
2πσX(t)
exp
{
−(X − X¯)
2
2σX(t)
}
, (4)
in which, in view of (1), one can express the mean value of observable as follows:
X¯ = µ〈q〉+ ν〈p〉 , (5)
where 〈p〉 and 〈q〉 are the quadrature means in the state (4), and α is a complex number.
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The dispersion of the observable X is
σX(t) = µ
2σq2 + ν
2σp2 + 2µνσpq , (6)
where the parameters σq2 , σp2 , and σpq are dispersions and covariance of quadratures
in the state (4). The tomogram (4) is the probability distribution function; it is normal-
ized, and completely determines the squeezed correlated quantum state of a damped
parametric oscillator.
Let us consider the quantum damped parametric oscillator within the framework of
the Caldirola–Kanai model [25, 26]. The Hamiltonian of the system reads
Ĥ =
1
2
me2γtω2(t)q̂2 +
1
2m
e−2γtp̂2, (7)
where m is the mass of oscillator, γ is damping coefficient, q̂ is the position operator, p̂
is the momentum operator, and ω(t) is the time-dependent frequency of oscillator. For
simplicity, we assume put m = 1 and h¯ = 1.
The classical equations of motion for the classical position q and momentum p
corresponding to the Caldirola–Kanai model are
q˙ = pe−2γt, p˙ = −ω2(t)e2γtq, q¨ + 2γq˙ + ω2(t)q = 0. (8)
We consider the function ε(t), which is the solution of the equation of motion
ε¨(t) + 2γε˙(t) + ω2(t)ε(t) = 0, Ω2(0) = ω2(0)− γ2, (9)
with the initial conditions ε(0) = 1, ε˙(0) = ı˙Ω(0), and it satisfies the constraint
e2γt (ε˙ε∗ − ε˙∗) = 2 ı˙Ω(0). (10)
The quantum dispersion of the position in state (4) is expressed through the classical
trajectory ε(t) (9)
σq2 = | ε |2/2. (11)
For the quantum dispersion of the momentum in the state (4), one can obtain the
following expression:
σp2 =
e4γt | ε˙ |2
2Ω2(0)
. (12)
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The covariance of the position and momentum in the state (4) is
σqp =
1
2
√√√√e4γt|εǫ˙|2
Ω2(0)
− 1. (13)
The mean values of quadratures in the state (4) are
〈p〉 = e
2γt
√
2Ω(0)
(αε˙∗ − α∗ε˙) , 〈q〉 = 1√
2
(αε∗ + α∗ε) . (14)
The mean value of observable X (5) in squeezed correlated states (4) is expressed
through the classical trajectory as follows:
X¯ =
1√
2
[
µ (αε∗ + α∗ε) + ν
e2γt
Ω(0)
(αε˙∗ − α∗ε˙)
]
. (15)
For dispersion of observable X (6) in squeezed correlated states (4), one has
σX =
1
2
µ2|ε|2 + ν2
Ω2(0)
e4γt|ε˙|2 + νµ
√√√√e4γt|ǫǫ˙|2
Ω2(0)
− 1
 . (16)
The explicit expression for the symplectic tomogram, which determines the squeezed
correlated states of a quantum damped parametric oscillator, reads
wα (X, µ, ν) =
π
µ2|ε|2 + ν2
Ω2(0)
e4γt|ε˙|2 + µν
√√√√e4γt|ǫǫ˙|2
Ω2(0)
− 1
−1/2
× exp
−
(
X − µ
{
(αε∗ + α∗ε) /
√
2
}
−
{
νe2γt (αε˙∗ − α∗ε˙) /√2Ω(0)
})2
µ2|ε|2 + [ν2e4γt|ε˙|2/Ω2(0)] + νµ
√
e4γt|ǫǫ˙|2/Ω2(0)− 1
 . (17)
The optical tomogram of squeezed correlated states of quantum damped parametric
oscillator has the Gaussian form
woptα (X, θ) =
π
cos2 θ|ε|2 + sin2 θ
Ω2(0)
e4γt|ε˙|2 + sin θ cos θ
√√√√e4γt|ǫǫ˙|2
Ω2(0)
− 1
−1/2
× exp
−
{
X − cos θ
[
(αε∗ + α∗ε) /
√
2
]
− sin θe2γt
[
(αε˙∗ − α∗ε˙) /√2Ω (0)
]}2
cos2 θ|ε|2 + [sin2 θe4γt|ε˙|2/Ω2(0)] + sin θ cos θ
√
e4γt|ǫǫ˙|2/Ω2(0)− 1
 .(18)
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The optical tomogram (18) satisfies the entropic inequality
−
∫ [
woptα (X, θ) lnw
opt
α (X, θ) + w
opt
α (X, θ + π/2) lnw
opt
α (X, θ + π/2)
]
dX ≥ ln(πe).
(19)
This inequality can be checked experimentally in the optical tomography measurement
scheme.
The squeezing coefficient in the states determined by tomograms (17) and (18) reads
k = σq2(t)/σq2(0) =| ε |2 . (20)
It is also expressed through the classical trajectory ε(t). In the case where | ε |2 is
smaller then unity, which means that the dispersion of position at the some moment
of time t is less than that at the initial moment of time, the squeezing phenomenon
appears. Due to this, the states (4) have the name of squeezed correlated states, as
well as in the case without damping. So one can see that all physical characteristics of
the system are expressed through the solution of the classical equation of motion ε(t).
The only remaining problem is to find an explicit expression for the function ε. We
devote the following sections to finding the explicit expressions for classical trajectories
for different regimes of damping.
3 Damped Oscillator with Parametric Excitation in
the Form of a δ-Kick of Frequency
We consider a quantum damped oscillator with the time-dependent frequency, which is
varied in a special manner of δ-kick
ω2(t) = ω20 − 2κδ(t),
where ω0 is the constant part of frequency, and δ is the Dirac delta-function. We have
the following equation for the function ǫ(t):
ǫ¨(t) + 2γǫ˙(t) + ω20ǫ(t)− 2κδ(t) = 0. (21)
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3.1 The Case of Weak Damping
In this section, we consider the case of weak damping when ω0 > γ. Before and after
the kick of frequency, the solution for (21) is given by
ǫk(t) = Ake
−γt+ı˙Ωt +Bke
−γt−ı˙Ωt, k = 0, 1. (22)
where Ω = (ω20 − γ2)1/2. Due to the continuity conditions,
ǫ0(0) = ǫ1(0), ǫ˙1(0)− ǫ˙0(0) = 2κǫ0(0). (23)
The coefficients Ak and Bk must satisfy the relations, which in the matrix form read
=
 A1
B1
 =
 1− ı˙κ/Ω −ı˙κ/Ω
ı˙κ/Ω 1 + ı˙κ/Ω

 A0
B0
 . (24)
If ǫ(−0) = 1 and ǫ˙(−0) = ı˙Ω at the initial time instant, then A0 = 1 − ı˙γ/2Ω and
B0 = ı˙γ/2Ω, and the classical trajectory after the kick can be expressed as
ǫ1(t) =
(
1− ı˙(κ + γ/2)
Ω
)
exp(−γt+ ı˙Ωt)− ı˙(κ+ γ/2)
Ω
exp(−γt− ı˙Ωt). (25)
If before the first δ-kick of the frequency the quantum oscillator was in the coherent
state determined by formula (17) with
ǫ(t) = e−γt
[
eı˙Ωt + (γ/Ω) sinΩt
]
, (26)
which can be considered as the coherent state of a damped oscilator due to the analogy
with undamped case, then the parametric excitation will transform it into a squeezed
correlated state determined by the tomogram (17) with the function ǫ(t) given by (25).
It is not difficult to calculate the quantum dispersion of position in excited correlated
squeezed state; it reads
σq2(t) =
e−2γt
2Ω
[
1 +
sin2Ωt
Ω2
(2κ+ γ)2 + (2κ+ γ)
sin 2Ωt
Ω
]
. (27)
From the above expressions, we see that the maximum and minimum of σq2(t) and of
squeezing coefficient k2(t) = σq2(t)/σq2(0) depend on the ratios of force of delta-kick and
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damping constant to the frequency of oscillations, while the lower limit of the squeezing
coefficient is
k2 =
[
1 + 2
(κ+ γ/2)2
Ω2
− 2(κ+ γ/2)
Ω2
√
(κ+ γ/2)2 + Ω2
]
× exp
 γ
Ω
cos−1
 Ω√
(κ+ γ/2)2 + Ω2
− πγ
Ω
(2n− 1)
 , n = 0, 1, . . . (28)
From the above formulas, one can see that the squeezing phenomenon can be achieved
for all values of the damping coefficient. So choosing more strong kicks of frequency
(increasing the force of the delta-kick), we can squeeze quantum noise in the oscillator
position even in the case of large (but less than ω0) damping coefficient γ.
3.2 Strong Damping
Now we consider a quantum damped oscillator in the regime of strong damping, where
γ > ω0. In this case, the solution to Eq. (21) before and after the kick of frequency
is ǫk = Ake
(Ω−γ)t + Bke
−(γ+Ω)t, with frequency Ω = (γ2 − ω20)1/2. Using the same
procedure as in the previous section, one can obtain that after the δ-kick of frequency
the coefficients A1, B1 are connected with the initial ones in the same way through the
matrix equation,
 A1
B1
 =
 1 + κ/Ω κ/Ω
−κ/Ω 1− κ/Ω

 A0
B0
 . (29)
Taking the initial conditions in the form ǫ(0) = 1 and ǫ˙(0) = ı˙Ω, one arrives at A0 =
1
2
(1 + ı˙ + γ/Ω) and B0 =
1
2
(1 − ı˙ − γ/Ω), and obtain for the classical trajectory ǫ(t)
after the δ-kick of frequency the following expression:
ǫ(t) = e−γt
[
cosh Ωt+ sinhΩt
(
ı˙ +
γ
Ω
+
2κ
Ω
)]
. (30)
If before the first δ-kick of frequency the quantum oscillator was in the coherent state de-
termined by (17) with function ε determined by (26), then after the δ-kick of frequency
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it occurs in squeezed correlated state determined by tomogram (17) with function ǫ(t)
given by (30), and the dispersion of position takes the form
σq2(t) =
h¯e−2γt
2Ω
[
cosh 2Ωt+
(
2κ+ γ
Ω
)2 cosh 2Ωt− 1
2
+
2κ + γ
2
√
cosh2 2Ωt− 1
]
.
(31)
Due to the property of coshα not being less than unity, one can see that the dispersion
(31) can never be less than h¯e
−2γt
2Ω
, so the squeezing phenomenon cannot be achieved in
the system under study by a δ-kick of frequency in the regime of strong damping.
3.3 Parametric Excitation of Free particle Motion
In this section, we consider the case where the constant part of frequency is equal to
zero but the parametric excitation acts on the free particle motion. The linear integrals
of motion and Gaussian wave packets for such systems without parametric excitation
were considered in [27]. In the case ω0 = 0, the equation for classical trajectory reads
ǫ¨(t) + 2γǫ˙(t)− 2κδ(t) = 0. (32)
Before and after the delta-kick of frequency, the solution for this equation is given by the
expression ǫk = Ak + Bke
−2γt. Applying the procedure used before and the continuity
conditions, one can obtain the relation between the coefficients after δ-kick and the
initial ones in the form
 A1
B1
 =
 1 + κ/γ κ/γ
−κ/γ 1− κ/γ

 A0
B0
 . (33)
Taking into account the coefficients A0 = 1 + ı˙/2 B0 = −ı˙/2, which coincide with the
initial conditions considered above, the expression for classical trajectory after the kick
can be obtained as follows:
ǫ(t) = 1 +
κ
γ
(1− e−2γt) + ı˙
2
(1− e−2γt). (34)
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The excited states are determined by tomogram (17), where the function ε is given by
(34), and the squeezing coefficient is equal to
k2 = 1 + (κ2/γ2)(1− e−2γt)2 + 2 κ
γ(1− e−2γt) . (35)
From expression (35), we can see that the squeezing coefficient k2 can never be smaller
than unity because the function e−2γt is always greater than unity since we investigate
the problem in positive moments of time (t > 0), and the damping coefficient is a
positive number (γ > 0). The squeezing phenomenon cannot be achieved for free
damped particle by a one-kick of frequency. In the case of zero damping (γ = 0) and
in the limit of free particle (ω0 = 0), one δ-kick of frequency does not produce any
squeezing [41].
4 Conclusions
In the probability representation of quantum mechanics and within the framework of
the Caldirola–Kanai model, we considered the parametric excitation of a damped os-
cillator and obtain the tomograms of squeezed correlated states in an explicit form;
formulas (17) and (18). We discussed the influence of different regimes of damping on
the possibility of appearance of squeezing phenomenon in the system under study. We
mention the possibility of appearance of squeezing phenomenon due to the parametric
excitation chosen in a special form of a δ-kick of frequency in the case of weak damp-
ing (for all γ less than ω0) by choosing different forces of the kick. In the regime of
strong damping and for free particle motion, it is impossible to reach the squeezing
phenomenon by a δ-kick of frequency.
It is worth noting that the results of papers [20, 23, 24, 38] performed under the
supervision of Professor Janszky provided important contribution in the theory of the
phenomena under discussion.
We were happy to have the opportunity to visit Hungary in connection with the 5th
International Conference on Squeezed States and Uncertainty Relations (Lake Balaton,
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Hungary, May 27–31, 1997) and the Wigner Centennial Conference (Pecs, Hungary,
July 8–12, 2002) organized by Professor Janszky, and we dedicate this article to his
memory.
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